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Outline

•MBHBs and LISA response

•Sky localization: main mode

•Sky localization: sky degeneracies

•Sky localization: galaxy counts

•Pre-merger sky localization

•Waveform systematics
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Massive black hole binaries for LISA

Science case

MBHBs cardinal sources for LISA.

• how well can LISA localize MBHBs ?

• localization of MBHBs in advance of the coalescence ?

• EM counterparts from ‘golden events’: could waveform 
systematics affect the sky localization ?

[whitened][whitened]

Example signals

ESA UNCLASSIFIED - Releasable to the Public LISA Definition Study Report - ESA-SCI-DIR-RP-002
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Figure 2.2: Illustration of the primary LISA source classes in the gravitational wave (GW) frequency-amplitude plane.
Included are merging massive Black Hole binaries (MBHBs) and an extreme mass-ratio inspiral (EMRI) at moderate
redshift; stellar-mass Black Holes (sBHs), including potential multiband sources, at low redshift; and Galactic binaries
(GBs), including verification binaries (VBs), in the Milky Way. Chapter 3 presents each of these sources and their
science opportunities in detail. Solid teal, solid blue and dashed black lines denote sensitivity limits from instrumental
noise alone, the unresolved GW foreground, and their sum, respectively. The displacement of the cloud of resolvable
sources above the noise is due to the detection threshold being set to signal-to-noise ratio (SNR)=7. The grey shaded
area is the extrapolation of LISA’s instrumental noise below 0.1mHz. All quantities are expressed as Strain Amplitude
Spectral Densities (ASDs) in order to facilitate a unified plot. For deterministic signals, the ASD is not formally
defined but can be approximated as Af

p
f where Af is the Fourier amplitude and f is the Fourier frequency.

Spectral Densities

Spectral densities, which describe the distribution of signal energy as a function of frequency,
are a useful tool for expressing LISA’s instrument performance. Formally, the Power Spectral
Density is defined as the Fourier transform of the autocorrelation function. For a stochastic
signal x (t ) with units [·], the Power Spectral Density (PSD) gives the expectation value for
the variance of the Fourier transform, Sx (f ) / |hx̃ (f )i |

2 and has units [·]
2
/Hz. The PSD

is useful as it allows the strength of a potential GW signal to be compared to instrument
noise only over the relevant portion of the measurement band. In most of this document, the
Amplitude Spectral Density (ASD),

p
Sx (f ), with units [·]/

p
Hz, is used.

As with electromagnetic radiation, different science opportunities reside in different bands of the
gravitational wave spectrum but require distinct approaches to realise sufficiently sensitive instruments.
Figure 2.1 presents a schematic representation of the GW spectrum, spanning more than ten decades
in frequency. The millihertz frequency band targeted by LISA sits between the higher frequencies
covered by ground-based detectors and the lower frequencies observed by pulsar timing arrays.
LISA’s measurement band is expected to have a rich and diverse population of astrophysical –
and potentially cosmological – sources, and thus provides an extremely broad science case for GW
astronomy. Figure 2.2 provides an illustration of a selection of LISA sources in the GW frequency
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The full response
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sinc [⇡fL (1� k · nl)] exp [i⇡f (L+ k · (pr + ps))]nl · P · nl(tf )

<latexit sha1_base64="dxvEiNft/ZdknjeLIWJjI4J2mEQ="></latexit>

Time and frequency-dependency in transfer functions
Time: motion of LISA on its orbit
Frequency: departure from long-wavelength approx.

The LISA instrumental response

+ Doppler phase: exp [2i⇡fk · p0(tf )]
<latexit sha1_base64="94cKJtK7PlT7qrCwN4avnZ7+joM="></latexit>

The low-frequency response

⇡/4
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> • At low frequencies TDIA, TDIE 

become equivalent to 2 LIGO-
like channels

• For short transients the LISA 
motion has only a weak effect Example FD transfer function

Pattern function response with HM:

+ TDI combinations

Single-link response:
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LISA response and multimodality in the sky
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FIG. 12. Examples of multi-modal posterior distributions in the sky localization: from left to right, 1mode, 2modes and 8modes
binary systems. The blue contours represent the MCMC results while the black ellipses correspond to the Fisher estimates for
1�, 2� and 3� errors. The black square indicates the true binary position in the sky. The presence of 2modes and 8modes
events, and the relative probability weight of the modes, can be recovered only with a Bayesian analysis.

FIG. 13. Distribution of the 1mode, 2modes and 8modes EMcps in the z � M plane in the maximising case for the three
astrophysical scenarios. The grey solid curved lines in background correspond to constant redshifted chirp mass values.

days, so the e↵ect of LISA motion is insu�cient to elim-
inate the reflected sky position, which remains degener-
ate. At lower chirp mass and redshift, on the other hand,
the combination of the high-frequency response with the
motion of the detector fully eliminates the degeneracy
and the events are unimodal. However, even if it is pos-
sible to identify a general trend, the two sub-populations
of 1mode and 2modes events do overlap in the z � M
plane, because redshift and Mz are not the only quan-
tities a↵ecting the parameter estimation, and there is a
large dispersion according to the orientation angles. Re-
gardless of the astrophysical model, the 8modes systems
are high chirp mass MBHBs, for which LISA will be able
to observe only the merger and ringdown, gathering little
information from the constellation orbital motion; fur-
thermore, their GW signal will not reach high enough
frequencies for the frequency-dependence of the detector
response to help.

Although 2modes systems seem to constitute a signif-

icant portion of the total EMcps, especially for the mas-
sive astrophysical models Q3d and Q3nd, this is partly
caused by the fact that, to identify an event as bimodal,
we impose a relatively low threshold to the probability
of the secondary mode, i.e. 5%. In this regard, it is in-
structive to look at the probability weight of each mode.
In Fig. 14 we present the number of bimodal EMcps as
a function of the probability in the primary and sec-
ondary modes, for all astrophysical models. It is clear
that the primary mode is always more probable than the
secondary one, which mitigates the risk, for a substan-
tial fraction of the EMcps, of missing the counterpart if
telescopes are pointed only at the primary mode.

In Fig. 15 we show the number of 8modes EMcps in
each octant of the sky, as a function of the probability
of the sky position mode. While the primary mode re-
mains always more probable, the seven spurious modes
are rather equiprobable, with probability that can be as
large as 10%. This is likely to constitute a serious issue

• Multimodality broken by subdominant effects in 
response (motion, high-f)

Multimodality pattern:

Degeneracy breaking:

• motion of LISA: eliminates all modes but the antipodal, weak for 
short high-mass signals

• high-frequency effects in the response: eliminates all modes but 
the reflected, only at high frequencies
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FIG. 14. Log-likelihood (51) at degenerate modes in the sky summarized in Table III, for di↵erent response approximations
(from left to right: Full, Frozen, Low-f), with 22-mode only (top) and with higher harmonics (bottom). The log-likelihood is
shown as a function of the maximal frequency where we cut the 22-mode signal (with the rescaling (59) for the other modes),
which can be thought of as accumulating signal with time (the vertical lines represent the time cuts of IVB and the merger).
The lines represent the sky positions listed in Table III: in terms of LISA-frame parameters full or dashed stands for the
reflection in latitude, and the color stands for the ⇡/2-shifted longitudes. The dashed black curve corresponds to the reflected

position, and the dashed red to the antipodal position. At the true position (solid black), lnL is zero by construction while it
is decreasing as a function of f for other sky positions. Reaching a very negative lnL means that this sky position is excluded
by the data accumulated thus far. In the left panel, the circles indicate the maximum log-likelihood found among the posterior
samples, when the parameters are allowed to deviate slightly from the theoretical degenerate point.

all, including the higher harmonics does not change this
qualitative picture, despite an earlier onset of frequency-
dependent degeneracy-breaking features.

Limitations of such explorations should be made clear:
by using a pointwise estimate, we cannot make statistical
statements and are missing volume e↵ects discussed in
Sec. VC; by transforming the angular parameters with
an analytical prescription while keeping the other fixed,
we are in a sense overconstraining the degeneracy. In
particular, it is conceivable that one could find a better
match to the injected signal in the vicinity of a degenerate
sky mode, by adjusting slightly all parameters.

This is indeed what happens in multidimensional
Bayesian parameter estimation, and is illustrated in
Fig. 14: in the first panel, for the three pre-merger anal-
yses as well as for the post-merger analysis, we overlay
circles indicating the best ln L found among the poste-
rior samples, in each eighth of the sky corresponding to
the eight sky modes (when no samples are present in this
region of the sky, nothing is displayed). A sampler is not
an optimizer, so the precise value achieved is not opti-
mal and would vary when repeating runs; nevertheless,
this measure gives a good proxy for how much closer to
the injected signal we could get by slightly biasing the

parameters.
We see that the best ln L among samples can be higher

than the point estimate would tell us, especially for the
analysis at ⇠ 7 min before merger, and higher harmonics
make a visible di↵erence. This has consequences for ap-
proximations like the Fisher analysis, if secondary peaks
are shifted from the analytical predictions. We leave for
future work the investigation of approximate representa-
tions of sky degeneracies.

VII. STELLAR MASS BLACK HOLES

A. Signals and transfer functions

Stellar-mass black-hole binary (SBHB) inspirals have
been recently recognized as a potentially important
source of LISA detections [7, 48]. Full Bayesian param-
eter estimation studies for these LISA signals have not
yet been developed, but the Fisher approach has been
used in [7, 48–50]. In this section we present two case
studies of parameter inference for such sources using the
formalism and methods described earlier, while limiting
the analysis to the extrinsic parameters (excluding the

True

Reflected
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Fisher localization: impact of response approximation

[Marsat, Mangiagli, Toubiana, in prep.]

• Sky localization at high mass: weak effects, high SNR
• Unlike LVK localization from triangulation, LISA 

localization potentially vulnerable to systematics

• ‘Pattern function’ response is the main source of 
main-mode localization at high mass, from 
subdominant HM

• Multimodality broken in turn by subdominant effects 
in response (motion, high-f)

Analysis settings:

• Fisher matrix localization: sky area of the main 
mode of the posterior

• Randomization over 1000 orientations, mass ratios, 
spins

• Change the response model: keep or ignore the 
motion and high-f effects

Large dispersion of main-
mode sky localization  

depending on orientation
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MBHB sky localization at merger

5% best sytems 5% worst sytemsMedian

- -10 sq. deg. : LSST field of view
— 0.4 sq. deg.: Athena Wide Field Imager

See also: [McGee&al2018, Mangiagli&al 2020]
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Sky area: which parameters are the most important ?

Dominant parameters to 
determine sky area: 
Inclination
L-frame latitude

Large dispersion in sky 
area, ~4 orders of 

magnitude

What are the dominant 
parameters determining 

the sky area error ?

Trend goes against SNR 
for the latitude!
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•Sky localization: galaxy counts
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MBHB catalogs: full parameter estimation
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Astrophysical models [Barausse 2012]:
• Heavy seeds - delay (Q3d)
• Heavy seeds - no delay (Q3nd)
• PopIII seeds - delay (Pop3)

LISA detection rates from 90 yrs simulated:
• Q3d: 30 / 4yrs
• Q3nd: 471 / 4 yrs
• Pop3: 129 / 4yrs
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MBHB catalogs: sky multimodality
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[Mangiagli&al 2022]

o  1 mode
o  2 modes
o  >2 modes
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FIG. 12. Examples of multi-modal posterior distributions in the sky localization: from left to right, 1mode, 2modes and 8modes
binary systems. The blue contours represent the MCMC results while the black ellipses correspond to the Fisher estimates for
1�, 2� and 3� errors. The black square indicates the true binary position in the sky. The presence of 2modes and 8modes
events, and the relative probability weight of the modes, can be recovered only with a Bayesian analysis.

FIG. 13. Distribution of the 1mode, 2modes and 8modes EMcps in the z � M plane in the maximising case for the three
astrophysical scenarios. The grey solid curved lines in background correspond to constant redshifted chirp mass values.

days, so the e↵ect of LISA motion is insu�cient to elim-
inate the reflected sky position, which remains degener-
ate. At lower chirp mass and redshift, on the other hand,
the combination of the high-frequency response with the
motion of the detector fully eliminates the degeneracy
and the events are unimodal. However, even if it is pos-
sible to identify a general trend, the two sub-populations
of 1mode and 2modes events do overlap in the z � M
plane, because redshift and Mz are not the only quan-
tities a↵ecting the parameter estimation, and there is a
large dispersion according to the orientation angles. Re-
gardless of the astrophysical model, the 8modes systems
are high chirp mass MBHBs, for which LISA will be able
to observe only the merger and ringdown, gathering little
information from the constellation orbital motion; fur-
thermore, their GW signal will not reach high enough
frequencies for the frequency-dependence of the detector
response to help.

Although 2modes systems seem to constitute a signif-

icant portion of the total EMcps, especially for the mas-
sive astrophysical models Q3d and Q3nd, this is partly
caused by the fact that, to identify an event as bimodal,
we impose a relatively low threshold to the probability
of the secondary mode, i.e. 5%. In this regard, it is in-
structive to look at the probability weight of each mode.
In Fig. 14 we present the number of bimodal EMcps as
a function of the probability in the primary and sec-
ondary modes, for all astrophysical models. It is clear
that the primary mode is always more probable than the
secondary one, which mitigates the risk, for a substan-
tial fraction of the EMcps, of missing the counterpart if
telescopes are pointed only at the primary mode.

In Fig. 15 we show the number of 8modes EMcps in
each octant of the sky, as a function of the probability
of the sky position mode. While the primary mode re-
mains always more probable, the seven spurious modes
are rather equiprobable, with probability that can be as
large as 10%. This is likely to constitute a serious issue

Threshold: 5% 
probability in 
the sky mode

• Bayesian PE required to explore 
multimodal posteriors

• Simulation of 90yrs catalogs
• Custom proposals for degeneracies

Multimodality in the sky 
present, but rare for 

counterpart candidates 
post-merger
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Outline

•MBHBs and LISA response

•Sky localization: main mode

•Sky localization: sky degeneracies

•Sky localization: galaxy counts

•Pre-merger sky localization

•Waveform systematics
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Luminosity distance determination

Large dispersion in 
distance determination, 
~4 orders of magnitude

For distance determination, higher harmonics are 
crucial, breaking the distance-inclination degeneracy.

103 104 105 106 107 108 109

Mz (MØ)

10°3

10°2

10°1

100

æ
d L

/d
L

Relative 1-æ error in distance at zref = 1

0.5 1.0 1.5 2.0 2.5 3.0
z

10°3

10°2

10°1

±z

GW M = 105MØ

GW M = 106MØ

GW M = 107MØ
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Peculiar velocity

Weak lensing can 
dominate over the dL 

error from LISA

Looking for a host by converting dL to z, weak lensing 
and peculiar motions have to be taken into account

dashed: 90% interval
dashed: 90% interval
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MBHB catalogs: sky localisation and galaxy counts
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Outline

•MBHBs and LISA response

•Sky localization: main mode

•Sky localization: sky degeneracies

•Sky localization: galaxy counts

•Pre-merger sky localization

•Waveform systematics
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Figure 3. Sky localization uncertainty �⌦ (deg2) for binaries with total mass in the source frame of 3 ⇥ 105 M� (left panel), 3 ⇥ 106 M� (center panel) ,
107 M� (right panel). The sources are located at I = 0.3. Mass ratio, spin moduli and source angles are as in Fig. 2. Dark red line is the median and the colored
areas are as in Fig. 2. The horizontal dashed (dotted) line indicates the Athena/WFI (LSST) field of view. Gray lines in left panel represent a representative
sample of the trajectories of mergers for di�erent values of the parameters.

Figure 4. Sky–multimodality: Posterior distribution for the latitude V! and longitude _! (angles in the LISA-frame) for the platinum show-case binary (top
panel) and two gold binaries (middle and bottom panels) with masses 3⇥106 M� and 3⇥107 M� , mass ratio @ = 1/3, placed at I = 1. Posteriors are computed
day(s) and hours prior to coalescence, and at merger, as indicated by the lables. Only the platinum binary shows no multi-modality during the inspiral phase.
Solid blue lines correspond to 1f, 2f and 3f contours.
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Figure 1. Signal-to-noise ratio ((/# ) versus time to merger for spinning non-precessing massive black hole binaries with total mass equal to 3 ⇥ 105 M�
(left panel), 3⇥ 106 M� (central panel), 107 M� (right panel). The sources are located at I = 1. The binary mass ratio is extracted random between [0.1-1], the
spin between [0-1] and polarization, inclination and sky position angles are extracted randomly from a sphere. Shaded areas are the 68% and 95% confidence
interval, computed over 104 systems and the dark solid line is the median value.
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Figure 2. Sky localization error �⌦ (deg2) versus time to merger for spinning non-precessing binaries as in Fig. 1, with total mass equal to 3 ⇥ 105 M� (left
panel), 3 ⇥ 106 M� (central panel), 107 M� (right panel). The sources are located at I = 1. Shaded areas are the 68% and 95% confidence interval computed
over 104 systems and the dark solid line is the median value. The horizontal dashed line denotes the field of view (⇠ 0.4 deg2) of the WFI onboard Athena. The
10 deg2 wider field of view of LSST is denoted with dotted line.

that LISA’s orbital motion leaves an imprint on the signal that de-
pends on the position of the source. The second e�ect intervenes at
merger, when the signal reaches high frequencies: the instrumen-
tal response becomes frequency-dependent in a way that informs
us about the signal’s location (Marsat et al. 2020). Prerequisite to
achieve best localization is knowledge of the waveform, which con-
tains information on both the intrinsic and extrinsic parameters of
the source, whose estimate is degenerate. Including higher order
modes (HM) associated to the presence of higher-order multipoles
in the binary mass distribution has proven to be key in localizing
the source (Marsat et al. 2020; Baibhav et al. 2020; Pratten et al.
2022).

In this section, we focus on a family of binaries and compute
the sky localization error as a function of the time to merger to

infer the fraction of those sources behaving as gold and platinum
binaries. Later we consider single-event gold and platinum binaries
to discuss sky-multimodality. We then summarize our results on
the localization of the sources at merger and their detectability with
Athena.

In the process of writing this work, we found larger uncer-
tainties in the sky localization with respect to previous works (in
particular with respect to Mangiagli et al. (2020) and Piro et al.
(2022)). Specifically, we found that the sky localization uncertain-
ties for the same system and at the same time before merger might
be up to one order of magnitude larger than in the previous results.
The disagreement between the two approaches resides in:

• The previous works adopted an inspiral-only waveform for pre-
cessing binaries, while in this study we adopt the spin-aligned model

MNRAS 000, 1–17 (0000)
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Pre-merger localization

• Fisher matrices: 10000 
random parameters

• MCMC: 100 PE runs
• Here, sky area of the 

main mode

Advance localization 
challenging, much better 

post-merger

Large dispersion in sky 
area, ~4 orders of 

magnitude

[See also Mangiagli&al 2020]

LSST

Athena

LSST

Athena

[Piro&al 2022]

z=1

z=0.3



18

Pre-merger localization: degeneracies

Bayesian PE: sky localization 
cutting at different times

• Wide range of 
multimodalities dep. on 
parameters

• Post-merger localization 
unimodal here

• ‘Platinum’: M3e5, z=0.3
• ‘Gold’: M3e6, z=1
• ‘Heavy’: M1e7, z=1

[Piro&al 2022]
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Outline

•MBHBs and LISA response

•Sky localization: main mode

•Sky localization: sky degeneracies

•Sky localization: galaxy counts

•Pre-merger sky localization

•Waveform systematics
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Waveform systematics and parameter estimation

Systematic biases:
Ignoring the effect of the noise, bias given by the best-fit parameters on the 
model signal manifold: Δθ = θbf − θtr

Are current waveform models 
accurate enough for LISA ?

Can the sky localization be biased ?

• the bias is SNR-independent (optimization problem), but requires to 
explore the full parameter space [expensive]

• the statistical errors scale with SNR
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Injections:

NRHybSur3dq8 
• SXS NR simulations hybridized 

with long EOB inspirals (covers 
~6 months for )

• Surrogate interpolant, time-
domain

M = 105M⊙

Templates:

Efficient Fourier-domain models: 
• PhenomHM 
• PhenomXHM 
• SEOBNRv4HM_ROM 
• SEOBNRv5HM_ROM

Parameter space 
exploration:

•
•
•  PE runs
• uniform , ,
• randomize orientations

Mz = [105,106,107]M⊙
zmin = 1
N = 240

q χ1 χ2
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Example Parameter estimation with systematics I
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• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3

LISA plane

Intrinsic params. Sky localisation
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Example Parameter estimation with systematics I
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<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics I

<latexit sha1_base64="RUzQExwCggT6QPKNhQiIYNYaR/Q="></latexit>

Mz = 105 M�
z SNR
1.0 317
1.76 158
3.11 79
5.59 40
10.21 20
18.97 10

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics I

<latexit sha1_base64="RUzQExwCggT6QPKNhQiIYNYaR/Q="></latexit>

Mz = 105 M�
z SNR
1.0 317
1.76 158
3.11 79
5.59 40
10.21 20
18.97 10

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics I

<latexit sha1_base64="RUzQExwCggT6QPKNhQiIYNYaR/Q="></latexit>

Mz = 105 M�
z SNR
1.0 317
1.76 158
3.11 79
5.59 40
10.21 20
18.97 10

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

The good:
• converges on the true parameters
• mild bias at , z = 1 SNR = 317

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

The bad:
• converges ‘near’ the true parameters
• significant bias at , z = 1 SNR = 1907

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

The ugly:
• converges to the wrong sky mode
• important bias at , z = 1 SNR = 1907

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Statistical significance of biases: intrinsic parameters

Bias in chirp mass:

Bias in longitude (on corrected skymode): Wrong skymode 
recovered:

<latexit sha1_base64="eLKuljZwliymEOoposF3f5097q8="></latexit>

phenomxhm
Mz(M�) % wrong
105 0 %
106 10 %
107 54 %

Large biases at high mass
Wrong skymodes common
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Outlook
• More realistic waveforms: precession and eccentricity

• More realistic analysis: proper time-domain analysis, superposition of multiple signals, realistic noise, 
data gaps, glitches…

Highlights • LISA localisation capabilities for MBHBs crucial for multimessenger science

• MBHB signals are merger-dominated, post-merger localisation can be very good

• Main mode localization: from pattern response at high mass, inclination/latitude dominated

• Pre-merger localisation can be challenging, except for the very best events

• Degeneracies in the sky position can occur, worse pre-merger

• Systematics: possibly strong for high-mass signals, can also mislead towards the wrong sky 
mode

Conclusion and outlook
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Galaxy counts in the LISA + weak lensing error box

Simplistic estimate: simulated catalog cut in mass 
with no consideration of completeness, EM emissions…

More detailed study 
needed about the content 

of the error box !

Weak lensing and peculiar motions have to be taken 
into account
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Simulated catalog courtesy of [D. Izquierdo-Villalba&al]

<latexit sha1_base64="+QtczO9g4+mNsXtae+ebtl/bkic=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRStCspuHFTqGAf0MQwmUzaoZNMmJkIJWTlxl9x40IRt36DO//GaZuFth64cDjnXu69x08Ylcqyvo3Syura+kZ5s7K1vbO7Z+4fdCVPBSYdzBkXfR9JwmhMOooqRvqJICjyGen54+up33sgQlIe36lJQtwIDWMaUoyUljzzuOVljojgELEcXkHbus9sK4ctz+EBV55ZtWrWDHCZ2AWpggJtz/xyAo7TiMQKMyTlwLYS5WZIKIoZyStOKkmC8BgNyUDTGEVEutnsjRyeaiWAIRe6YgVn6u+JDEVSTiJfd0ZIjeSiNxX/8wapChtuRuMkVSTG80VhyqDicJoJDKggWLGJJggLqm+FeIQEwkonV9Eh2IsvL5Puec2+qNVv69Vmo4ijDI7ACTgDNrgETXAD2qADMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHecpdz</latexit>

Mgal > 1010M�
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<latexit sha1_base64="+QtczO9g4+mNsXtae+ebtl/bkic=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRStCspuHFTqGAf0MQwmUzaoZNMmJkIJWTlxl9x40IRt36DO//GaZuFth64cDjnXu69x08Ylcqyvo3Syura+kZ5s7K1vbO7Z+4fdCVPBSYdzBkXfR9JwmhMOooqRvqJICjyGen54+up33sgQlIe36lJQtwIDWMaUoyUljzzuOVljojgELEcXkHbus9sK4ctz+EBV55ZtWrWDHCZ2AWpggJtz/xyAo7TiMQKMyTlwLYS5WZIKIoZyStOKkmC8BgNyUDTGEVEutnsjRyeaiWAIRe6YgVn6u+JDEVSTiJfd0ZIjeSiNxX/8wapChtuRuMkVSTG80VhyqDicJoJDKggWLGJJggLqm+FeIQEwkonV9Eh2IsvL5Puec2+qNVv69Vmo4ijDI7ACTgDNrgETXAD2qADMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHecpdz</latexit>

Mgal > 1010M�

[see also Lops&al 2022]
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Fitting factors in parameter space

<latexit sha1_base64="aeWpfZjJcHlvwu9TkMfP8mTdTo0="></latexit>

FF = 1�max✓
(hm|h0)p

(hm|hm)
p

h0|h0

Fitting factor, computed at 
best-fit params (optimization 
over all parameters):

Trend: strong dependence on M
Trend: larger errors at large spins
Trend in q ?

<latexit sha1_base64="jWn7vxBvqV7BbrXvq4/4kHjK7Ns="></latexit>

lnLmax = �SNR2 ⇥ FF
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Waveform systematics and parameter estimation

<latexit sha1_base64="FGNxJ4KNu2mzks3dd019o6SuRmg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREinZZcOOygn1AE8JkOm2HziRh5kaoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994SJ4Boc59sqrK1vbG4Vt0s7u3v7B/bhUVvHqaKsRWMRq25INBM8Yi3gIFg3UYzIULBOOL6Z+Z0HpjSPo3uYJMyXZBjxAacEjBTYJ6NAVjwYMSBB5imJQU0vArvsVJ058Cpxc1JGOZqB/eX1Y5pKFgEVROue6yTgZ0QBp4JNS16qWULomAxZz9CISKb9bH79FJ8bpY8HsTIVAZ6rvycyIrWeyNB0SgIjvezNxP+8XgqDup/xKEmBRXSxaJAKDDGeRYH7XDEKYmIIoYqbWzEdEUUomMBKJgR3+eVV0r6sulfV2l2t3KjncRTRKTpDFeSia9RAt6iJWoiiR/SMXtGb9WS9WO/Wx6K1YOUzx+gPrM8fJNqVAQ==</latexit>

hm(✓tr)

<latexit sha1_base64="4E9dy6HkXHbxkkLAXWEtP7uZrvA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRStMuCG5cV7AOaECbTSTN08mDmRiihCzf+ihsXirj1I9z5N07bINp64MKZc+5l7j1+KrgCy/oy1tY3Nre2Szvl3b39g0Pz6LirkkxS1qGJSGTfJ4oJHrMOcBCsn0pGIl+wnj++nvm9eyYVT+I7mKTMjcgo5gGnBLTkmZXQyx0ZYZDTmgMhA/LzPvfMqlW35sCrxC5IFRVoe+anM0xoFrEYqCBKDWwrBTcnEjgVbFp2MsVSQsdkxAaaxiRiys3nR0zxmVaGOEikrhjwXP09kZNIqUnk686IQKiWvZn4nzfIIGi6OY/TDFhMFx8FmcCQ4FkieMgloyAmmhAqud4V05BIQkHnVtYh2Msnr5LuRd2+rDduG9VWs4ijhCroFNWQja5QC92gNuogih7QE3pBr8aj8Wy8Ge+L1jWjmDlBf2B8fAOmyJgT</latexit>

htr(✓tr)

<latexit sha1_base64="PcluBBgMTAPloRW2jqcvaC3n+9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREinZZcOOygn1AU8JkOmmHziRh5kaoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wSJ4Boc59sqrK1vbG4Vt0s7u3v7B/bhUVvHqaKsRWMRq25ANBM8Yi3gIFg3UYzIQLBOML6Z+Z0HpjSPo3uYJKwvyTDiIacEjOTbJyNfVjwYMSB+5imJg3B64dtlp+rMgVeJm5MyytH07S9vENNUsgioIFr3XCeBfkYUcCrYtOSlmiWEjsmQ9QyNiGS6n82vn+JzowxwGCtTEeC5+nsiI1LriQxMpyQw0sveTPzP66UQ1vsZj5IUWEQXi8JUYIjxLAo84IpREBNDCFXc3IrpiChCwQRWMiG4yy+vkvZl1b2q1u5q5UY9j6OITtEZqiAXXaMGukVN1EIUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+APcFlOM=</latexit>

hm(✓bf)
<latexit sha1_base64="GMjZmjlJzsCE8+5pT1Dzqo+bMwk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10r2qe9f1xkOj1moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYJ2kWI=</latexit>

M
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Mismatch (unfaithfulness):
Mismatch, optimization over time/phase/polarization:

• Computed locally [fast]
• SNR-independent
• Different versions: single-detector 

optimized over sky, combining h+, h×

Indistinguishability criterion: [Lindblom&al 2008]
[Chatziioannou&al 2019]
[Toubiana-Gair 2024]
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Linearized biases (Cutler-Vallisneri): [Flanagan-Hughes 1997]
[Cutler-Vallisneri 2007]
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In the linear signal approximation, estimation of 
bias [fast]:

Can we assess biases with efficient 
tools ?
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Linking mismatches and biases
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BothFrom bias measured in PE:

 means that the mismatch is large 
enough to indicate a significant bias 
ϵm > 1  indicates means that PE measures a 

significant bias 
ϵb > 1 Relation between mismatch 

and bias unclear
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MBHB SNR contours post-merger

Massive black hole binaries
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Example MBHB GW signal with higher harmonics

Higher harmonics strong 
at merger (break 

degeneracies)

Data analysis simulations 
still missing precession, 

eccentricity
extremely loud signals…
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MBHB signals are merger-dominated in SNR
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Most of the SNR accumulates in the 
last hours before coalescence

MBHB SNR contours pre-merger and post-merger
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Astrophysical models [Barausse 2012]:
• Heavy seeds - delay
• Heavy seeds - no delay
• PopIII seeds - delay
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MBHB detected signals:
Bulk shorter than ~10days
Tail extending to ~3months

• How long before merger can we 
detect the signal ?

• SNR=10 to claim detection

The length of MBHB signals
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Fisher vs MCMC localisation
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Early detection for ‘golden’ sources

Early detection easy for 
golden sources 
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[See also Mangiagli&al 2020] Time of coalescence measurement errorSNR pre-merger and early detection

Allows protected observation periods [Piro&al, in prep]
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Analysis settings: waveform models

[Pompili&al 2023]

Aligned spin case: mismatch with NR ~ 10−4 − 10−2

18

Approximant SEOBNRv4 SEOBNRv5 IMRPhenomXAS TEOBResumS-GIOTTO

medianmaxMM 1.44⇥10�3 1.99⇥10�4 1.31⇥10�4 5.12⇥10�4

%maxMM < 10�3 38% 90% 97% 76%

%maxMM < 10�4 1% 27% 29% 1%

Table I. Summary of the (2,2)-mode mismatch over a range of total masses between 10 and 300 M�, between di↵erent aligned-spin approxi-
mants and the 442 NR simulations used in this work. We display the median of the maximum mismatch across total mass, and the fraction of
cases falling below 10�3 and 10�4.

Figure 7. The sky-and-polarization averaged, SNR-weighted mismatch, for inclination ◆ = ⇡/3, over a range of total masses between 20 and
300 M� between di↵erent aligned-spin multipolar approximants and the 441 SXSNR simulations used in this work. The colored lines highlight
cases with the worst maximum mismatch for each model.

was calibrated to private q = 18 BAM waveforms, with di↵er-
ent spin values, which have not been used for SEOBNRv5HM.
TEOBResumS-GIOTTO achieves unfaithfulness between 10�3

and 10�2 for most cases, but also has an appreciable number
of outliers reaching mismatch 10%, possibly pointing to ro-
bustness issues in some of the higher modes close to merger.

In order to quantify how much the increase of the
mismatch with the total mass is related to the missing
modes, we show in Fig. 8 the sky-and-polarization aver-

aged, SNR-weighted mismatch, for inclination ◆ = ⇡/3, over
a range of total masses between 20 and 300 M� of NR
waveforms with the same modes as SEOBNRv5HM (`,m) =
(2,2), (3,3), (2,1), (4,4), (5,5), (3,2), (4,3) against NR wave-
forms with all (`  5) modes. As expected we see an increase
of the mismatch with total mass, indicating that the error due
to neglecting some higher modes is mostly important in the
ringdown, and we see it can reach more than 0.4% for high q
and large spins. This tells us that to reach the same accuracy of

Injections:

NRHybSur3dq8 
• SXS NR simulations hybridized with long EOB 

inspirals (covers ~6 months for )
• Surrogate interpolant, time-domain

M = 105M⊙

[Varma&al 2018]

Limitations:
• aligned spins only
• in the inspiral, all based on PN/EOB

Templates:

Efficient Fourier-domain models from 2 families: 
• PhenomHM 
• PhenomXHM 
• SEOBNRv4HM_ROM 
• SEOBNRv5HM_ROM [Pompili&al 2023]

[Cotesta&al 2018]

[London&al 2017]

[García-Quirós&al 2020]

Mode content for all: 22, 21, 33, 44
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Pre-merger analysis: accumulation of information with time

49

Method
• Represent a cut in time-to-

merger by a cut in frequency, 
becomes inaccurate at merger

8-maxima sky degeneracy 
only broken shortly before merger

LISA-frame sky map 22

SNR-based time cuts:

SNR DeltaT

10 40h

42 2.5h

167 7min

666 -

LISA-frame sky map hm

2-maxima sky degeneracy 
survives after merger (‘Reflected’)



LDC-2: source superposition and global analysis

LISA Data Challenge 2 ‘Sangria’

• ~10 massive black holes
• Population of galactic binaries (~10000 

resolved)
• Unkown noise level

50

LISA Data analysis challenges

• Superposition of many sources, with a 
population of GBs also forming a stochastic 
background -> Global fit

• High SNR for MBHBs, waveform systematics 
important

• EMRI waveform models
• Data gaps
• Glitches, instrumental non-stationarity

[LISA Data Challenge]
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LDC-1 (Radler) results

M = 3.8 · 106M�

q = 2.1

z = 5.7

◆ = 1.2
<latexit sha1_base64="JH9Okj+nWUVGx8ehW7dNozrWGc8="></latexit>

System:

h22 only, aligned spins

Strong 22-mode degeneracies, 
multimodal sky (reflected)

Use this knowledge to sample !
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The SNR of higher harmonics
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PhenomHM, q=5, averaging over spins and orientations

Cross-terms not negligible

‘Mode SNR’:p
(s`m|s`m)
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<latexit sha1_base64="uXXdVR5X9lJWbOTOIZhsaU3dKHU=">AAACI3icbVBNSwMxEM36WetX1aOXYBHbS9mtgsVTwYvHCrYVumXJplMNJtk1yQpl3f/ixb/ixYNSvHjwv5i2e9Dqg8Cb92aYzAtjzrRx3U9nYXFpeWW1sFZc39jc2i7t7HZ0lCgKbRrxSF2HRANnEtqGGQ7XsQIiQg7d8O584ncfQGkWySsziqEvyI1kQ0aJsVJQOvN1IoK04gPnWFSxL+EeT6sjLI6qWUUH6czL8CPOi4mVVYNS2a25U+C/xMtJGeVoBaWxP4hoIkAayonWPc+NTT8lyjDKISv6iYaY0DtyAz1LJRGg++n0xgwfWmWAh5GyTxo8VX9OpERoPRKh7RTE3Op5byL+5/USM2z0UybjxICks0XDhGMT4UlgeMAUUMNHlhCqmP0rprdEEWpsrEUbgjd/8l/Sqde841r98qTcbORxFNA+OkAV5KFT1EQXqIXaiKIn9ILe0Lvz7Lw6Y+dj1rrg5DN76Becr29+C6JI</latexit>
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MBHB PE 22 vs HM: degenerate case

injection
ptmcmc 22
ptmcmc HM

Sky position

Distance-inclination

Higher harmonics 
crucial in breaking 

degeneracies

Fiducial system:

‘Reflected’

True

M = 5 · 105M�

q = 3

z = 4

◆ = ⇡/3
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Understanding degeneracy breaking by higher harmonics

54

Shifted marginal sky posterior
Sky zoom (h22), no LISA 
motion and no high-f

injection
ptmcmc 22
multinest 22
analytic 
degeneracy

The role of higher harmonics

h+ � ih⇥ =
X

�2Y`m(◆,')h`m
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Distance/inclination degeneracy broken
• Phase independently measured
• Better sky localization (caveat: edge-on, 

see [Katz&al 2020])

Sky zoom (h22), 
full response

When measuring several modes       :
�2Y`m(◆,') = �2Y`m(◆, 0)eim'

<latexit sha1_base64="5VjpYsGLd13X6EgTQm0MTf6I/vw="></latexit>

h`m
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Projection effects in 
marginalization

17

FIG. 8. Comparisons between inferred posteriors obtained with our two di↵erent Bayesian samplers described in IIID and with
the Fisher matrix approximation described in III E. Results are shown for the systems I and II of Table II, with the 22-mode
only for the two left panels and with higher harmonics in the two right panels. Blue (22) and red (HM) show the ptmcmc result,
and green (22) and yellow (HM) the multinest result. In all panels, the black ellipses show the Fisher matrix estimate for the
posterior.

FIG. 9. Same comparisons as in Fig. 8, for the distance and inclination parameters, zooming on the relevant regions.

given in (44), which we reproduce here:

F
`m
a,e =

1

2
�2Y`m(◆,')e�2i L

�
F

+
a,e + iF

⇥
a,e

�
(�L,�L)

+
1

2
(�1)`�2Y

⇤
`,�m(◆,')e+2i L

�
F

+
a,e � iF

⇥
a,e

�
(�L,�L) .

(61)

Changing the sign of �L in the pattern functions F
+,⇥
a,e

given in (43) has no e↵ect on F
+
a,e and it changes the sign

of F
⇥
a,e for both channels. Thus, the

�
F

+
a,e ± iF

⇥
a,e

�
factors

in the two terms of Eq. (61) are exchanged. Moreover,
since spin-weighted spherical harmonics [51] obey the re-
lation

�2Y`m(⇡ � ◆,') = (�1)`�2Y
⇤
`,�m(◆,') , (62)

we see that simultaneously changing �L ! ��L, ◆ ! ⇡�◆
and  L ! ⇡ �  L leaves F

`m
a , F

`m
e unchanged.

This defines a transformation of extrinsic parameters
yielding an exact degeneracy in the Frozen low-f approx-
imation, which we call the reflected sky position (for a
reflection with respect to the LISA plane):

�L
⇤ = �L ,

�L
⇤ = ��L ,

 L
⇤ = ⇡ �  L ,

◆
⇤ = ⇡ � ◆ ,

'
⇤ = ' , (63)

where we chose the transformation for  L to keep this
parameter in the range [0,⇡].

18

FIG. 10. Same comparisons as in Fig. 8, for the sky position parameters, zooming on the relevant regions for inclination. The
parameters shown are in the LISA-frame as defined in A 3.

From the structure of (61), other points in parameter
space are degenerate in the low-frequency limit. First,
�L ! �L+⇡ leaves the pattern functions F

+,⇥
a,e invariant.

For �L ! �L ± ⇡/2, these pattern functions acquire an
overall minus sign. Such an overall minus sign is readily
compensated by a shift  L !  L ± ⇡/2, so that we have
the other transformation

�L
(k) = �L +

k⇡

2
mod 2⇡ , k = 0, . . . , 3 ,

 L
(k) =  L +

k⇡

2
mod ⇡ , k = 0, . . . , 3 . (64)

Combining (63) and (64), we arrive at eight di↵erent
degenerate positions in the sky, equally spaced in �L and
symmetric above and below the LISA plane, with an in-
clination ⇡� ◆ for the reflected positions and various val-
ues for the polarization  L. Among these eight secondary
modes in the sky, two play special roles: first, the reflected
mode (63) already mentioned; and second, the antipodal
mode with

�L
(a) = �L + ⇡ ,

�L
(a) = ��L ,

 L
(a) = ⇡ �  L ,

◆
(a) = ⇡ � ◆ ,

'
(a) = ' . (65)

How does this situation change when considering a more
complete instrument response, moving away from the
Frozen low-f approximation ? As in Sec IV.C we sepa-
rately consider relaxing each of the qualifiers Frozen and
Low-f.

When adding back the frequency-dependence while
keeping LISA motionless, in the Frozen response, the
reflected mode is the only mode remaining degenerate.
Indeed, as noted in Sec. II C, in (21) the frequency-
dependent terms feature k · nl, k · ps,r projections, that
depend only on the projection of the wave vector k in
the plane of LISA, invariant for �L ! ��L. The LISA
motion, however, will break this degeneracy in general.

When adding back the LISA motion while still ignoring
the frequency-dependence in the response, in the Low-f
response, the antipodal mode is the only one that keeps
pattern functions that are exactly degenerate with the
injection: all other modes will evolve with the time-
dependent LISA frame. The antipodal mode is not mov-
ing, because the antipode of the true direction of the
arriving signal is defined as k ! �k independently of the
orientation of LISA; the only degeneracy-breaking term
is then the orbital delay k · p0 in the Doppler phase (36).
When considering the Full response, the frequency de-
pendency terms in (21) featuring k · nl, k · ps,r will break
this antipodal degeneracy.

Thus, we have found that in the Frozen low-f approx-
imation for the response we expect a pattern of eight
degenerate positions in the sky (with certain rules for
inclination and polarization). Table III summarizes the
qualitative picture of degeneracy breaking by the features
of the response. We note that the recent work [41], fo-
cusing on low-frequency ringdown-dominated signals for
which the LISA motion can be neglected, remarked the
same 8-modes sky degeneracy that we described in this
section. We will see in Sec. VI that the eight-mode degen-
eracy pattern indeed appears when doing a pre-merger
analysis; on the other hand, in results Figs. 6 and 7 for

LDC-1 Radler
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Sky area: impact of WD background

The WD confusion 
background matters

Sky localisation will be 
updated as the GB 
analysis is refined
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Pre-merger localization: role of instrumental response for ‘golden’ systems
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• ‘Full’: keep all terms
• ‘Frozen’: ignore LISA motion
• ‘Low-f’: ignore f-dependency
• ‘Frozen Low-f’: ignore both

Response (signal with HM here):

For high masses, HM at merger 
convey most of the information

For low masses, best candidates 
for advance localization:

• Localization from the LISA 
motion saturates reaching 
merger

• Localization from high-f effects 
dominates at merger

Here: main mode sky area
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Pre-merger localization: role of HM for ‘golden’ systems

Higher modes become 
most important at 

merger and for high mass 
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Here: main mode sky area
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h`m , Full response
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h`m , Frozen response
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h`m , Low-f response

Approximate degeneracy measure: likelihood at the other sky positions High-f features 
crucial

Pre-merger analysis: likelihood with decomposed response

“motion-only”“high f-only”

True

ReflectedAntipodal

• ‘Full’: keep all terms
• ‘Frozen’: ignore LISA motion
• ‘Low-f’: ignore f-dependency
• ‘Frozen Low-f’: ignore both

Sky modes L-frame

lnL(d|✓) = �
X

channels

1

2
(h(✓)� d|h(✓)� d)
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Likelihood:

Degeneracy breaking for 8 sky maxima

Instrument response:

[Marsat&al 2020]
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LISA/Athena candidates

‘Platinum’ ‘M3e6’ ‘M1e7’
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• Very long: >1yr
• Localization unimodal early on, 

no sky degeneracies

• Observable for ~2w • Observable for ~2d

Msource = 3⇥ 105M� , z = 0.3
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Msource = 3⇥ 106M� , z = 1
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Multimodality of the sky localization: astrophysical catalogs
Post-merger Pre-merger 5hr

Approximate degeneracy measure: 
likelihood at the other sky positions
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Threshold used here (a bit arbitrary):

Blue: presumably not degenerate
Red: presumably degenerate
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ReflectedAntipodal
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Multimodality of the sky localization: a likelihood estimator ?
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Point-like estimate of multimodality: likelihood at the sky 
modes.

Relation to posterior probability weights from actual  
(expensive) sampling ?

Dispersion in this 
relation; thresholding 

approximate

400 post-merger PE runs
at ‘boundary’ of multimodality
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