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S T A T I S T I C A L  F R A M E W O R K

3

c o m b i n e  m u l t i p l e  m e a s u r e m e n t s  t o  f i n d  t h e  

m o s t  l i k e l y  i n t r i n s i c  p r o b a b i l i t y  d i s t r i b u t i o n  

f r o m  w h i c h  t h e  o b s e r v e d  e v e n t s  a r e  d r a w n
s i n g l e  o b s e r v a t i o n s p o p u l a t i o n  d i s t r i b u t i o n

[ 1 8 0 9 . 0 2 0 6 3 ,  2 0 0 7 . 0 5 5 7 9 ,  1 8 0 9 . 0 3 8 1 5 ]

https://arxiv.org/abs/1809.02063
https://arxiv.org/abs/2007.05579
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• w e  u s e  B a y e s i a n  a n a l y s i s

p o s t e r i o r
( h i e r a r c h i c a l )  

l i k e l i h o o d
p r i o r

f u n c t i o n a l  f o r m  

f o r  t h e  B H  

d i s t r i b u t i o n

G W  e v e n t s  

t o  b e  

c o m b i n e d
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c o m b i n e  m u l t i p l e  m e a s u r e m e n t s  t o  f i n d  t h e  

m o s t  l i k e l y  i n t r i n s i c  p r o b a b i l i t y  d i s t r i b u t i o n  

f r o m  w h i c h  t h e  o b s e r v e d  e v e n t s  a r e  d r a w n
s i n g l e  o b s e r v a t i o n s p o p u l a t i o n  d i s t r i b u t i o n

S T A T I S T I C A L  F R A M E W O R K [ 1 8 0 9 . 0 2 0 6 3 ,  2 0 0 7 . 0 5 5 7 9 ,  1 8 0 9 . 0 3 8 1 5 ]

https://arxiv.org/abs/1809.02063
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B L A C K  H O L E S  P O P U L A T I O N
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s i n g l e  o b s e r v a t i o n s p o p u l a t i o n  d i s t r i b u t i o n

m1

?
w h a t  i s  t h e  p r e d i c t e d  s h a p e  o f  t h e  
a s t r o p h y s i c a l  B H  d i s t r i b u t i o n ?

O 3  e v e n t s  p o s t e r i o r s

w e  d o n ’ t  k n o w  i n  a d v a n c e !
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L V K  R E S U LT S  G W T C - 3
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( s e e  M i c h e l a ’ s  t a l k )



v .  g e n n a r i

10 20 30 40 50 60 70 80 90

m1 [MØ]

10°5

10°4

10°3

10°2

10°1

100
p(

m
1)

alpha12-sigma10

20 40 60 80 100 120 140

m1,det [MØ]

0.000

0.005

0.010

0.015

0.020

p(
m

1,
de

t)

o v e r d e n s i t y  a t  ∼ 35 M⊙

p o w e r l a w
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L V K  R E S U LT S  G W T C - 3 ( s e e  M i c h e l a ’ s  t a l k )
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O 3  D A T A  2  F E A T U R E S
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• r e s u l t s  d e p e n d  o n  t h e  p r i o r  b o u n d s  

• w i t h  w i d e  p r i o r s ,  f i n d  s h a r p  l o w - m a s s  p e a k  a n d  l o o s e  t h e   o v e r d e n s i t y  

• t h e  p i n k  a n a l y s i s  i s  s t a t i s t i c a l l y  p r e f e r r e d  b y  B a y e s  f a c t o r  ( )

∼ 35 M⊙

lnB ≃ 5

m a s s  m o d e l  

P o w e r l a w  

+  G a u s s i a n
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• w i t h  w i d e  p r i o r s ,  f i n d  s h a r p  l o w - m a s s  p e a k  a n d  l o o s e  t h e   o v e r d e n s i t y  

• t h e  p i n k  a n a l y s i s  i s  s t a t i s t i c a l l y  p r e f e r r e d  b y  B a y e s  f a c t o r  ( )

∼ 35 M⊙

lnB ≃ 5
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O 3  D A T A  2  F E A T U R E S
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m a s s  m o d e l  

P o w e r l a w  

+  G a u s s i a n
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S I M U L A T E D  D A T A
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• s i m u l a t e  d a t a  f r o m  a  p o p u l a t i o n  w i t h  b o t h   p e a k  a n d   o v e r d e n s i t y  

• r e p r o d u c e  t h e  r e s u l t s  o n  r e a l  d a t a  ( b i m o d a l  h i e r a r c h i c a l  l i k e l i h o o d )

10 M⊙ ∼ 35 M⊙

m a s s  m o d e l  

P o w e r l a w  

+  G a u s s i a n



c a n  w e  r e s o l v e  b o t h  f e a t u r e s  s i m u l t a n e o u s l y ?
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• a d d i t i o n a l  f e a t u r e s  r e s o l v e  b o t h  t h e  s h a r p   a n d   p e a k s  

• e v i d e n c e  f o r  a d d i t i o n a l  s t r u c t u r e  a t   

• t h e  P L - P L - P L  i s  s l i g h t l y  p r e f e r r e d  o v e r  t h e  w i d e  p r i o r s  P L - G  ( )

10 M⊙ ∼ 35 M⊙

∼ 15 − 20 M⊙

lnB ≃ 0.3

O 3  D A T A  3  F E A T U R E S

m a s s  m o d e l  

P o w e r l a w  

+  P o w e r l a w  

+  P o w e r l a w
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• a d d i t i o n a l  f e a t u r e s  r e s o l v e  b o t h  t h e  s h a r p   a n d   p e a k s  

• e v i d e n c e  f o r  a d d i t i o n a l  s t r u c t u r e  a t   

• t h e  P L - P L - P L  i s  s l i g h t l y  p r e f e r r e d  o v e r  t h e  w i d e  p r i o r s  P L - G  ( )

10 M⊙ ∼ 35 M⊙

∼ 15 − 20 M⊙

lnB ≃ 0.3

O 3  D A T A  3  F E A T U R E S

m a s s  m o d e l  

P o w e r l a w  

+  P o w e r l a w  

+  P o w e r l a w

( a . k . a .  t h e  c a m e l )
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I N T E R P R E T A T I O N

• a r e  t h e  s h a r p   p e a k  a n d  t h e   d r o p   p h y s i c a l ?10 M⊙ 15 M⊙

• l i k e l y  m o d e l - i n d u c e d  b i a s e s ,  b u t  t h a t ’ s  w h a t  w e  h a v e  t o d a y

• f u t u r e  d a t a  w i t h  m o r e  e v e n t s  w i l l  t e l l  u s  m o r e
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I N T E R P R E T A T I O N

• a r e  t h e  s h a r p   p e a k  a n d  t h e   d r o p   p h y s i c a l ?10 M⊙ 15 M⊙

• l i k e l y  m o d e l - i n d u c e d  b i a s e s ,  b u t  t h a t ’ s  w h a t  w e  h a v e  t o d a y

w h a t  c a n  w e  u s e  t h e s e  r e s u l t s  f o r ?

• f u t u r e  d a t a  w i t h  m o r e  e v e n t s  w i l l  t e l l  u s  m o r e



3 .  c o s m o l o g y
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S P E C T R A L  S I R E N S  I N  1  S L I D E

f e a t u r e s  i n  t h e  p o p u l a t i o n  c o n t a i n  i n f o r m a t i o n  o n  r e d s h i f t

n o  c o s m o l o g y c o s m o l o g y  H0 > 0

r
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C O S M O L O G Y  W I T H  3  F E A T U R E S
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C O N C L U S I O N S

• t h e  p o p u l a t i o n  o f  b l a c k  h o l e s  c o n t a i n s  c r u c i a l  i n f o r m a t i o n  o n  

a s t r o p h y s i c s  a n d  c o s m o l o g y  

• t h e  c u r r e n t  f i d u c i a l  P o w e r l a w - G a u s s i a n  m o d e l  p r o v i d e s  p r i o r -

d e p e n d e n t  r e s u l t s  

• m u l t i p l e  f e a t u r e s  r e s o l v e  a d d i t i o n a l  s t r u c t u r e  i n  a g r e e m e n t  w i t h  

m o r e  a g n o s t i c  a n a l y s e s  

• s u c h  a d d i t i o n a l  s t r u c t u r e  a l l o w s  t o  i m p r o v e  c u r r e n t  c o n s t r a i n t s  o n  

c o s m o l o g y  w i t h  o n l y  g r a v i t a t i o n a l  w a v e s
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c e c i  n ’ e s t  p a s  u n e  m a s s  f u n c t i o n .

22



b a c k u p  s l i d e s
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M O D E L  S E T U P

• e v o l v i n g  p a r a m e t r i z a t i o n

• e v o l u t i o n  o f  e a c h  f e a t u r e  

• e v o l v i n g  m i x t u r e

• w e  f o c u s  o n  l i n e a r  r e d s h i f t  e v o l u t i o n
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S E T T I N G S

• O 3  d a t a  

• 5 0  e v e n t s  ( w / o  G W 1 9 0 5 2 1  a n d  G W 1 9 0 4 1 2 )  

• R & P  O 3  i n j e c t i o n s  f o r  s e l e c t i o n  e f f e c t s  

• c u t   

• I C A R O G W  p i p e l i n e  

• d y n e s t y  ( 2 0 0 0  l i v e  p o i n t s )  

• ,   

• n e g l e c t i n g  t h e  s p i n s  

• f i x e d  c o s m o l o g y

IFAR > 4

Neff,PE = 10 Neff,inj = 200
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M O D E L  V A L I D A T I O N
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M O D E L S  &  P R I O R S
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O 3  D A T A  S T A T I O N A R Y  S U M M A R Y

• P L - G  r e s u l t s  d e p e n d  o n  p r i o r  b o u n d s  

• w i d e  p r i o r s  a r e  p r e f e r r e d  b y   

• r e p r o d u c e d  w i t h  s i m u l a t i o n  

• 3 - f e a t u r e  m o d e l s  c a n  r e s o l v e  a d d i t i o n a l  s u b s t r u c t u r e  

• P L - P L - P L  c o m p a r a b l e  w i t h  ( w i d e  p r i o r s )  P L - G  ( )  

• a g r e e m e n t  w i t h  s e m i -  a n d  n o n - p a r a m e t r i c  l i t e r a t u r e

ln B ∼ 5

ln B ∼ 0.3
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O 3  D A T A  E V O L V I N G  S U M M A R Y

• n o  s u p p o r t  f o r  r e d s h i f t  e v o l u t i o n  

• n e g a t i v e  B F s ,  e v o l v i n g  p o s t e r i o r s  c e n t e r e d  a t  z e r o  

• i n t e r p l a y  b e t w e e n  e v o l u t i o n  a n d  s e l e c t i o n  e f f e c t s  

• e v o l v i n g  f e a t u r e s  o u t s i d e  t h e  d e t e c t o r  h o r i z o n  f i v e  s a m e  r e s u l t s
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O 3  D A T A  2  F E A T U R E S  C O R N E R

30
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S I M U L A T E D  D A T A  C O R N E R
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M A S S  R A T I O  &  R A T E  E V O L U T I O N
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• r a t e  e v o l u t i o n  

• M a d a u - D i c k i n s o n  h a s  a n d  

P o w e r l a w  a r e  c o m p a r a b l e  

• m a s s  r a t i o  

• P o w e r l a w  a n d  ( t r u n c a t e d )  

G a u s s i a n  a r e  c o m p a r a b l e

s i n c e  t h e r e  i s  n o  s t r o n g  p r e f e r e n c e  
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P O W E R L A W  S M O O T H I N G lnB = − 1.9 ± 0.2
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